The purpose of this paper is the description of Berry's phase, in the Euclidean Path Integral formalism, for 2D quadratic system: two time dependent coupled harmonic oscillators. This treatment is achieved by using the adiabatic approximation in the commutative and noncommutative phase space.
Introduction and preliminaries
The classical geometry is based on the duality between the geometry and the commutative algebra. In commutative algebra, the product of two algebraic quantities is independent from the order. In Quantum Mechanics, following Heisenberg's viewpoint, the geometry of the states space describing a microscopic system, an atom for example, has a new property such as the momentum and the position are non-commuting operators [1] [2] [3] [4] [5] [6] [7] :
The purpose of noncommutative geometry is to generalize the duality of space geometry [8] [9] [10] and algebra to the more general situation where the algebra is not commutative. This leads to change two fundamental concepts of mathematics, those of space and symmetry and adjusts all the mathematical tools in these new paradigms.
The prime interest of the theory comes entirely from new and unexpected phenomena that have no counterpart in the case of commutative geometry. The commutative Riemannian geometry which provides a framework of general relativity was generalized by Einstein to "quantum" version.
The passage of the Riemann geometry to the noncommutative geometry [11] is the transition from the measurement of distances to the use of operators algebra. This gives a notion of a spectral nature of geometric space which is more flexible.
The noncommutative geometry treats both the noninteger dimension space [12, 13] , an infinite dimension space, especially "quantum" space and finally the space-time itself. If we take into account, not only the electromagnetic strength (which led to Poincaré, Einstein and Minkowski model of spacetime), but also the weak and strong forces, the use of the noncommutative spacetime properties becomes necessary.
Furthermore, Feynman paths integrals method encounters substantial difficulties when used in a noncommutative space because it is basically meaningless to talk about path in a noncommutative spacetime. Therefore the formulation of path integrals must done not in the space of noncommutative coordinates itself but in the space of noncommutative phase space (mixed space). This is required by the spirit of the Feynman path integrals construction.
Indeed, we consider a space-time (2 + 1)-dimensions, which can be easily generalized to higher dimensions. So, to conciliate our work in the canonical formalism, we used a full basis of commuting operators. We shall take as space, the configuration space (x 1 , p 2 ) built on commuting operators such that we avoid the noncommutativity.
In this paper we are mainly concerned with two coupled harmonic oscillators with arbitrary time dependent frequencies and masses leading to use some time-dependent transformations. The originality of this work, is the description of the system in the noncommutative mixed phase space by using the path integral techniques to extract the "Berry's phase". We recall that Berry's phase has attracted the attention of many physicists, it was first discovered in 1956, and rediscovered in 1984 by Berry who has published a paper [14] which has until now deeply influenced the physical community. Therein he considers cyclic evolutions of systems under special conditions, namely adiabatic ones. He finds that an additional phase factor occurs in contrast to the well known dynamical phase factor. This phenomenon can be described by "global change without local change". Berry points out the geometrical character of this phase which is not negligible because of its non integrable character [15] . This was not the first time such a phase factor appears, for instance, considerations of the Born-Oppenheimer approximation done by Mead and Truhlar in 1979 revealed also this additional phase factor but it had been neglected [16] . Berry showed that this was not correct because the phase is a gauge invariant and therefore can not be gauged away.
A brief outline of the present paper is as follows: in the next section, we give the construction of the path integral in the noncommutative phase space. In Section 3, we present two applications, the first one is the time dependent coupled harmonic oscillators in commutative phase space, the second application deals with the time-dependent coupled harmonic oscillators in noncommutative phase space. In each case, Berry's phase (geometric phase) was derived as well as the dynamic phase. A conclusion is provided in the last section.
Path integral in noncommutative phase space
In this section we must be concerned with Feynman's path integral formalism, which is described by a Hamiltonian H (x, p) made up the cartesian coordinates x i , and their canonically conjugate momenta p j . Nevertheless, unlike the usual case, "coordinates and momenta" are assumed to obey the noncommutative rules.
where Θ and Σ are two-antisymmetric matrix such as Θ 12 = θ and Σ 12 = σ. To these commutation relations correspond the deformed Poisson brackets in classical phase space defined as
where Θ and Σ are noncommutative parameters. Acting on the Heisenberg algebra (2), it is easy to found the Path integral in noncommutative phase space. But in this work, we propose to build the path integral while maintaining the spirit of Feynman's construction. On this basis, we choose the mixed phase space i.e. Q T = (x 1 , p 2 ) and P T = (x 2 , p 1 ).
A path integral formalism in noncommutative mixed coordinates is
where
is the symplectic form. For simplicity, the propagator (4), using linear canonical transformation which known as Bopp-shift in form matrix, may be written as
) .
As θ and σ are very small parameters, we setĀ = 1 + β, with β =
with H β (Q, P ) is now a small perturbation added to the Hamiltonian such that we can use Taylor's expansion of the Hamiltonian
The Feynman's formalism for a general potential in noncommutative phase space is given by
The main goal of this paper is to find Berry phase of the 2-dimensional coupled harmonic oscillators in two cases the first one in commutative phase space, and the second case in noncommutative phase space, under the Euclidean path integral formalism. The original premise for Berry's phase is the adiabatic theorem of quantum mechanics [17] , which deals with a system coupled to a slowly changing environment: the Hamiltonian system H (t) varies adiabatically.
To extract the Berry's phase from the propagator (8) , we follow the method used by Kashiwa to obtain the Berry's phase for one dimension harmonic oscillator , in which it summarizes as follows [18].
1. Consider the Euclidean kernel for the given Hamiltonian: ( t → −it) while keeping the external variables unchanged.
2. Examine the large T limit of the kernel.
3. Find the imaginary part of O(T ) from the exponent of the kernel.
So, In the Euclidean space ( t → −it) and for adiabatic approximation, we set s = t T with T very large, the(8) is given by:
this latter is the Feynman's formalism in non-commutative phase space. where, we put θ, σ → 0, will return (9) to the commutative phase space (the usual phase space ) ,i.e, the (9) is given
Time-dependent coupled harmonic oscillators in commutative phase space
Consider a pair of coupled general time-dependent oscillators with same frequencies and masses whose Hamiltonian in commutative phase space takes the form [21] .
The quantum mechanical evolution of the system can be described by the Feynman propagator, in the mixed phase space Q T = (x 1 , p 2 ) and P T = (x 2 , p 1 ) (formulation of Feynman's path integral), which is defined formally by
The matrices M (t), W (t) and λ(t) are time dependent functions given respectively by (
) ,
Now, we follow the steps [18] that we have mentioned previously, we take t → −it, and in order to specify the adiabatic parameter 1 T , we introduce a scaled times s = t/T in (11) , and after using change the variable P → JP on a level of Lagrange in (11), we get
If we want to transform a Hamiltonton into a simpler and more convenient one, this is possible by using time-dependent canonical conversion, as the latter is very useful and effective in researching the properties of dynamical systems described by a time-dependent Hamiltonian. To simplify the Action given in (15) , Let us introduce the canonical transformations which define the new phase space (Q, P ) → (X, Π) [22] [23] [24] given by,
where the functions β (s) can be conveniently chosen to make separation of variables straightforward possible. As a result of the transformation, and after using the gaussian integration over Π, one may write (15) as
Therefore, the propagator K(Q f j , Q i j ; T ) in (17) is now reduced to the sum of the propagators for two uncoupled general time-dependent oscillators of frequencies Ω c (1,2) (s), and same masses m (1,2) (s) = 1.
We know that the W KB-approximation, -expansion with → 0 is almost equivalent to the adiabatic approximation, 1 T -expansion with T → ∞, It is known as well as that the easiest way to do the W KB approximation is the path integral, this is confirmed by Kashiwa in his article [18] , for this reason we see that the most appropriate way to perform an addiabatic approximation is the path integral.
It is clear that we can see that the adiabatic approximation in (15) , so it is very easy to treat this latter directly by the semi-classical methods, in which case we resort to the Van Vleck-Pauli formula [18] .
Hence, we have the Van Vleck-Pauli formula
where, S (
is the classical action defined by
Now, that we have done all the steps described in APPENDIX , we get the propagator that accompanies this latter (23) ,
with
and where X 1 and X 2 are given by (16) .
As it is known, informations on the ground state can be derived by setting T → ∞ in (25) . In fact, when we take this limit we obtain:
In this formula, the imaginary part of Θ 1 (T ) and Θ 2 (T ) given by (63), corresponds to the Berry phase,
) , (28)
.
whereas the real parts of Θ 1 (T ) and Θ 2 (T ), correspond to the dynamical phase.
Time-dependent coupled harmonic oscillator in noncommutative phase space
To specify a particular system in the context of non-commutative quantum mechanics it is necessary to define the Hamiltonian H θσ = H nc . The latter must be chosen so that it is reduced to standard Hamiltonian. We consider a system of two coupled harmonic oscillators where the hamiltonian H (t) is an explicit function of time, via the frequency ω (t) and the mass m (t) which are functions of time. In the case of noncommutative phase space, this system is described by the following hamiltonian:
where θ and σ are the deformed parameters defined above in Section 2. We rewrite (30) using mixed coordinates Q = (Q 1 , Q 2 ) = (x 1 , p 2 ) and P = (P 1 , P 2 ) = (x 2 , p 1 ). Therefore the compact form of the above Hamiltonian is:
We suggested setting θ = −σ and m 2 (t) ω 2 (t) = 1 to facilitate calculations, avoid repetition and reduce steps. After this simplification, the matrix becomes as follows:
The quantum mechanical evolution of the hamiltonian (30) can be described by the propagator, in the non-commutative phase space formulation of Feynman's path integral, which is defined by:
In this subsection, we are mainly interested to find the Berry's phase in the Euclidean path integral formalism in non-commutative phase space.
And to find the Berry phase in non-commutative phase space, we will follow the same steps we took in the case of the commutative phase space of two coupled harmonic oscillators, then we compare between the both applications in order to highlight the impact of the deformation parameters (θ, σ) on the hamiltonian.
We can see the path integral (37) is not trivial but can be important. In the case of making this equation (37) to a more easily form, it is useful to use the time-dependent canonical transformation. This transformation leads to an effective diagonal Hamiltonian in terms of noncommutative coordinates.
In order to remove the matrix (
, we can use the time-dependent canonical transformation (P, Q) → (Π, X) similar to that provided in [23] and [24] :
Hence, the new propagator for the system becomes
and the matrices elements of β (s) are β (11) 
β (22) 
β (12, 21) (s) = −σλ (2, 1) 
in this case we tookσ = 0, and in put λ 1 = −λ 2 = λ the relations (41), (42) and (43) becomes:
where ( w nc
where Ω c and Ω nc are commutative and noncommutative frecuency. The Π-integration in (40) is easily performed to give the new propagator:
The final expression of the propagator, for the system of two coupled harmonic oscillators in non-commutative phase space governed by the Hamiltonian (30), is given by
When we put T → ∞ we have a real and imaginary part. This last corresponds to the Berry's phase which are as follows γ (1, 2) 
Finally, we have found the Berry phase in the non-commutative state where depends this latter to the deformed parameters θ and σ, after we used a method of adiabatical approximation. In the case of θ = σ = 0, we can obtain exactly Berry's phase in the commutative phase space case.
Conclusion
In this paper we applied the path integral construction [1] in the noncommutative phase space, in which the structure of the phase space is deformed by introducing two deformation parameters θ and σ. We present an alternative treatment (via path integral formalism) for the problem of the coupled harmonic oscillators in two dimensions with time-dependent mass and frequency. We study two cases: the first one in commutative phase space and the second in noncommutative phase space. The treatment is based on the use of time-dependent canonical transformation and auxiliary time-dependent transformation by path integral techniques. To each canonical transformation correspond a new mass and a new frequency.
We know that the Berry phase is limited to the adiabatic approximation. We have calculated Berry phase in each case following the semi-classical solution via path integral. The result are two functions γ (1) (t) and γ (2) (t) in terms of the system parameters are m (t) , ω (t), λ 1 (t) and λ 2 (t) in the commutative case, but, in the case of the non-commutative phase space, the result are two functions also γ (1) θσ (t) and γ (2) θσ (t) in the terms of the system parameters m (t) , ω (t), λ 1 (t) and λ 2 (t) , in addition to the deformations parameters θ and σ, It is easy to see that we find the result of the Berry phase in commutative case in the limit θ, σ → 0.
